The paper deals with the so-called linearly unrelated sequences. The criterion and the application for irrational sequences and series is included too.
Introduction.
There are not many new results concerning the linear independence of numbers. Exceptions in the last decade are, e.g., the result of Sorokin [8] which proves the linear independence of logarithmus of special rational numbers, or that of Bezivin [2] which proves linear independence of roots of special functional equations.
The algebraic independence of numbers can be considered as a generalization of linear independence. One can find many results of this nature. For instance, in [4] Bundschuh proves that if the special series of rational numbers converges to infinity very fast then they are algebraically independent. In [7] I prove a similar result for continued fractions. In that paper the so-called continued fractional algebraic independence of sequences was also defined.
If we consider irrationality as a special case of linear independence then we can obtain many results. For instance, in [1] Apery proves the irrationality of ζ(3) and in [3] Borwein proves the irrationality of the sum ∞ n=1 1/(q n + r), where q and r are integers such that q > 1 and r = 0.
In 1975 Erdös defined the so-called irrationality of sequences in [5] (we will consider a generalization of this definition in Section 3) and in the same paper he proves the irrationality of the sequence {2 2 n }. In 1993 in [6] 
be sequences of positive integers and > 0 such that
hold for every sufficiently large natural number n. Then the sequences
are linearly unrelated. Proof. We will prove that for every sequence {c n } ∞ n=1 of positive integers and for every (K − 1)-tuple of integers α 1 , . . . , α K−1 (not all equal to zero) the sum
is an irrational number. Suppose that A is a rational number. Let R be a maximal index such that α R = 0. Then we have
Because of (3), there is a natural number N such that for every n ≥ N the number
and the number α R have the same sign. Without loss of generality we may assume α R > 0 and (1)- (4) hold for every n ≥ N . Thus, there are positive integers p and q such that
We reorder the sequences {a j,n c n } ∞ n=N to obtain the sequences {c j,n } ∞
where
. . . We will consider two cases.
1. First we assume that
Then (1), (6) , and the definition of the sequence {c 1,n } ∞ n=1 imply that V > 0. Also, (6) implies that for every δ > 0 there is a n(δ) such that for every j > n(δ)
and there are infinitely many M such that
and, φ(n) ≤ n + log(V +δ) log K + 2 for n sufficiently large. From the latter inequality, it follows from the fact that
holds for every n ≥ N 1 , where γ = log(V +δ) log K + 2. For the same reason, and with the help of (4), we also obtain that
holds for every n ≥ N 2 . Now, (9) and (10) imply that
for every sufficiently large M . Let h ∈ N such that γ + 1 ≥ h > γ. Now we will prove
for every sufficiently large M where
. From this and (7) we have
Now the inequality is proven if
which is true for M large by the choice of h, and the fact c 1,j ≤ 2 (V +δ)K j for all large j. The proof of inequality (12) is finished. It follows from (11) and (12) that
for every sufficiently large natural number M . Hence, we have
where lcm(x 1 , . . . , x n ) denotes the least common multiple of numbers x 1 , ..., x n . Thus, the number
is a positive integer. From this and (13) we obtain
for every sufficiently large natural number M . From (1) and the definition of the sequence {c 1,n } ∞ n=1 we have
From this, (7), (10), and the fact β = γ + h we obtain
for every sufficiently large M . This, (8) , and (14) imply that
for infinitely many natural numbers M . But this is impossible for a sufficiently small δ and a sufficiently large M . 
Because of (16) and (17) there is a least positive integer P such that
It follows that for every S (Q ≤ S < P )
g(P, S) ≤ P − S − 1. (19) (Otherwise g(S, Q) = g(P, Q) − g(P, S)
and the number P would not be the least.) Now (18) and (19) imply that for every j = 0, 1, . . . , P − Q − Z − 3,
Thus,
Now we define a sequence {S n } ∞ n=0 by induction in the following way. Let us put S 0 = P . Suppose that we have S 0 , S 1 , . . . , S k−1 . Because of (16) and (17) there is a least positive integer S k such that
The last inequality implies that for every j = 1, . . . ,
Hence, it follows that
Now we will prove that there are infinitely many positive integers T ≥ P such that
and
To prove this, we will consider three cases.
First, let us assume that
for infinitely many numbers k. Then (20), (23), and (26) yield
Thus (24) and (25) hold under condition (26).
2.2. Secondly, let us assume that for every positive integer k
It follows that
Now, by mathematical induction we prove that
For k = 0 (28) holds. Suppose that (28) holds for k − 1. Then (27) and (28) imply
From (18) and (21) the number of c 1,j such that c 1,
Now, (28) and (29) imply that
for every sufficiently large k. Also (20), (23), and (30) yield
for every sufficiently large k. From this, (1), (30), and the definition of the sequence {c 1,n } ∞ n=N it follows that
for every sufficiently large k. 2.3. Third, let us assume that S k − S k−1 ≤ √ 2S k , and S j − S j−1 ≥ 2S j for every j > k. Let us put P = S k = S 0 , and S j = S k+j . We now proceed as in the second case with {S j } ∞ j=0 in place of {S j } ∞ j=0 . Thus (24) and (25) hold. Now let T be a positive integer such that (24) and (25) hold. Then we obtain from (5) 
Thus, there is a positive integer E such that
From (1), (4) 
On the other hand (1), (2), (4), the definition of the sequence {c 1,n } ∞ n=N , (18), and (21) imply that
for infinitely many natural numbers T . But this is impossible for a positive integer E and a sufficiently large T . denotes the greatest integer less than or equal x.)
Remark. Let us put in Theorem 3.1 a n = 2 2 n and b n = 1 for every natural number n. Then we obtain the very famous result of Erdös (see [5] ) which states that the sequence {2 2 n } ∞ n=1 is irrational. From the last theorem we also obtain the following criterion for the socalled Cantor sequences. Thank you very much to reviewer and to Professor Carter for their correction of this paper.
